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1. INTRODUCTION 
Throughout this paper X is a real or complex Hilbert space and L(X) is 
the set of bounded linear operators on X. The inner product (5, q), the 
norm 151 generated therefrom, the operator norm I/XI/, the identity operator 
Z, and the adjoint x* for x E L(X) have their usual meanings. We introduce 
an order by the definition 
xkOoxEPoRe([,x{)>O, [EX. 
The set P is called the order cone, since it determines the order by the usual 
convention y 2 x o y-x E P. The question whether x 2 0 depends only 
on the self-adjoint part x+x* and XB 0, xb0 do not imply x = 0. 
Nevertheless, this order relation is appropriate for the ends in view. 
With R+ = [0, cc), the set of nonnegative reals, u and o denote 
continuous functions R+ + L(X). The left-hand derivative u’(t) E L(X) is 
defined by 
u’(t) = hliy+ 
u(t)--(t-h) 
h ’ 
where the convergence is in norm. We use f for a function R + x L(X) -+ 
L(X) with additional properties as prescribed below. 
Many interesting investigations have been concerned with the implica- 
tion 
where [0, tr) is the interval of existence of U; if u does not exist beyond the 
initial point r = 0, the conclusion is regarded as vacuously fulfilled. When 
(0) holds a solution which starts in P remains in P for t> 0 and we 
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summarize (0) by saying: The order cone is invariant. It will be found 
that the problem of invariance of the order cone has a close connection 
with the concept of divisibility in the algebra L(X). Our objective is to set 
forth this connection with as much brevity and economy as the subject 
allows. The results depend on the main theorem in [S] and a simplified 
form of that theorem is given next. 
2. THE UNDERLYING THEOREM 
If XE L(X) there is a unique real number A for which x + IZE 8P. The 
value so obtained is denoted by i; thus, 
i=x+AzEaP, where AE R. 
If p,, E aP and to 2 0, a half neighborhood N of (to, pO) is the set of points 
(t, p) E R+ x L(X) which satisfy the following conditions, E being a positive 
constant: 
t,<t<t,+& P !+ P, IlPo-Pll <e. 
With (to, pO) as above, suppose there exists a half neighborhood N of 
(to, p,,) and a constant K = rc(t,, pO, N) such that 
f(t, B)-At, P)GKZll$- PII, (4 P)EN. (1) 
In this case we say that f belongs to the class U at (to, p,,). It is said that 
f E U if f belongs to the class U at each such point (to, pO). 
Clearly f~ U if f satisfies a local Lipschitz condition 
Ilf(4 B) -A4 PJII G 4a - PII (2) 
in each half neighborhood N of the type considered above. However, the 
fact that $ = p + II allows a much more general class of functions than one 
might expect at first glance. For example, let dim(X) = 2, so that any 
element p E L(X) can be represented by a 2 by 2 matrix (p,-). If g and h are 
any functions R+ x L(X) + L(x) whatever, the function 
f(t, P) = At, P)(P~ - PA + h(t, P)(P~ - pa) 
satisfies f(t, @) = f( t, p) and hence (2) holds with JC = 0. Here f(t, p) need 
not be continuous at any point. Being one-sided, the condition (1) is still 
more general. 
For p E aP and q E L(X) we set 
I-P, 41= lim SUP WL q5h 
h-o+ S.p(p,h) 
(3) 
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where p(p, h) is the set of <E X satisfying ((p + p*) 51 <h and 151 = 1. The 
expression Lp, q J is the same, with inf instead of sup. It is easy to show 
that the set p(p, h) is not empty and that the limit exists. The following 
theorem is proved, in a sharper and more general form, in [5]: 
THEOREM 1. Let f E U and let rp, ql> 0 whenever p = u(t) # P and 
q = f( t, 6). Then the order cone is invariant. 
3. DIVISIBILITY IN OPERATOR ALGEBRAS 
An element q E L(X) is right or left divisible by p E L(X) if q = xp or px, 
respectively, where x E L(X). Suppose q E L(X) is right divisible by p + p*, 
so that q = x(p + p*) for some x E L(X). If p E aP the inequality 
IWtv x(p + P*) 01 d II-4 h 
holds for 5 ~p(p, h) and gives rp, ql= Lp, q J = 0. Thus we obtain the 
following: 
PRINCIPLE OF DIVISIBILITY. Let p E aP and let an element q E L(X) be 
expressed as a sum, 
q=q,+q2+ .‘. +qm, qj E un 
Putting * on some elements qj we get 2” sums which are, in general, different. 
Suppose one of these 2” sums is right or left divisible by p + p*. Then 
rp, 4i= LP, ql= 0. 
For proof, let 4 be the sum in question. If Lj is left divisible by p + p* 
then G* is right divisible by p + p*. Since G* is also one of the 2” sums, 
only the case of right divisibility need be considered. The equation 
Re (Lq5) = RdL @3 5 E A’ 
shows that rp, ql and Lp, qJ are the same for Lj as for q, and the result 
follows from the remarks above. 
For p E L(X) and q E L(X) an interesting theorem of Douglas Cl] asserts 
that the following are equivalent: 
(i) range q c range p, 
(ii) qq* < App* for some 2 > 0, 
(iii) q= px for some XE L(X). 
A short proof and other results of a similar nature can be found in [2]. 
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According to this equivalence, q is divisible by p + p* if, and only if, 
44* G k(P + z-J* 1’ for some I > 0. 
Applying this to each qi we get an alternative formulation of the principle 
of divisibility. In all examples known to us the first formulation seems 
preferable, but the theorem of Douglas sheds light on the subject, and may 
well become a useful tool in the study of differential inequalities. 
4. REMARKS ON DIFFERENTIAL INEQUALITIES 
In equations of the kind commonly encountered in applications one can 
add a function of the form 
g(t, 24) = h(t, u) + f a,(& u)* uu,(t, u) 
i= I 
to f(t, U) without losing either the hypothesis f~ U or the condition 
rp, ql> 0 of Theorem 1. Since this possibility increases the scope of 
Corollary 1, Corollary 2, and the accompanying examples, it is discussed 
now. We assume that h and ai are functions R+ x L(X) + L(X) with h B 0 
and ai locally bounded, that is, bounded on every compact subset of their 
common domain. If u is a specific function for which invariance of the 
order cone is to be verified, let 
h(t) = MC u(r)), a,(t)=u,(t, u(t)). 
The corresponding function 
G(t, P) =h(t) + f ai( Pi(t) 
i=l 
is locally Lipschitzian and G = g on the trajectory U. The condition f E U 
is not affected by addition of G, even though we have no smoothness 
condition for g. If p E aP, q = f (t, p), and q = G( t, p), 
where the last inequality holds because G(t, p) > 0 for p 2 0. This shows 
that addition of g does not affect the hypothesis rp, ql> 0 of Theorem 1. 
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5. Two COROLLARIES 
We are going to establish an invariance theorem for solutions of 
u’(t) 2 ua(t, u) + b(t, u) u + u*c(t, u) + d(t, u) u*, (4) 
where a, b, c, d are suitable functions R+ x L(X) -+ L(X). Using the 
abbreviation a = a(t, p) and similarly for b, c, d we introduce the following 
eight equations. Seven of these are of the form pA = Bp: 
a-b*=c-d* p(a+d*)= -(b+c*)p 
~(a - cl = td- b) P, p(d*-c)=(a*-b)p 
p(b* -d* -a) = c*p, pd* = (a* -b-c*)p 
(5) 
p(c-a-d*)=bp, pa=(d-b-c*)p. 
COROLLARY 1. Let a, b, c, d be functions R + x L(X) + L(X) such that 
the function 
f(t, P) = pa(t, P) + b(t, P) P + p*c(t, P) + d(t, P) P* 
belongs to U. Suppose that at least one of the relations (5) holds at each 
point (t, p) E R+ x aP; the question of which one holds can depend on (t, p). 
Then the order cone is invariant for solutions of (4). 
For proof, suppose the first relation a = b* + c-d* of (5) holds. Sub- 
stitution into the formula for f gives 
f(t, p)=pb*+pc-pd*+bp+p*c+dp*. 
Replacing the terms bp and dp* by their conjugates, we get an expression 
which is left divisible by p + q*. If p E aP the principle of divisibility shows 
that q = f(t, p) satisfies Lp, q J = 0. Discussion of the remaining relations 
(5) is similar. 
Inequalities of the type we have been discussing are usually stated only 
for self-adjoint solutions, that is, solutions that satisfy u = u* on their 
domain of definition. This condition is achieved by requiring 
u(to) = 4to)*, f(t, P*)=f(h P)‘. 
The latter equation ensures that u* satisfies the same differential equation 
as u and hence, if uniqueness holds, u = u*. 
COROLLARY 2. Let the function f (t, p) considered in Corollary 1 satisfy 
fc U and the additional condition f(t, p*)=f(t, p)*, (t, p)6R+ XL(X). 
Then the order cone is invariant for self-adjoint solutions of (4). 
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The proof is obvious, since the hypothesis rfi, ql> 0 of Theorem 1 is 
needed only for p = u(t). If u = U* it follows that p = $*, and divisibility by 
p + b* is equivalent to divisibility by 8. Since each term of J(t, fi) has a 
right- or left-hand factor p, when 6 = 8 *, the result follows. The point of 
the corollary is that in the self-adjoint case we do not need any of the 
relations (5). 
Actually the hypothesis f(t, p*) =f(t, p)* is superfluous in Corollary 2, 
but it has been imposed anyway because it involves no loss of generality 
and because it is satisfied in any realistic application. A sufficient, but far 
from necessary, condition for this hypothesis is 
a(& P*) = H4 P)*, 46 P*) = 4t, PI* ((t, PIE It+ x w?). 
6. ILLUSTRATIONS AND APPLICATIONS 
To illustrate Corollary 1, let a, b, c, d be locally bounded functions 
R+ + L(X) satisfying 
a(t) -b(t)* = c(t) - d(t)*, tER+. (6) 
Then the order cone is invariant for solutions of both the following: 
u’(t) 2 u*au + u*bu*u + u*ucu + u*d(u*)* 
u’(t) > uu*au + u*bu2 + (u*)’ cu + u*duu*. 
Here a is an abbreviation for a(t) and similarly for b, c, d, U. For proof, 
note that the function f(t, p) associated with the first of the above has the 
same form as that in Corollary 1, with 
4~ PI = pa(t) P, b(f, PI = p*b(t)p*, 4~ P) = PC(~) P, 4c P) = p*d(t)p*. 
The first condition (5) is inherited from (6) and the result follows. Proof for 
the second inequality is similar. 
As a second example, let us recall that an operator T of the form 
Tu = u’-f(t, u) 
is monotone in the sense of Collatz if 
Tu > TV, u(0) B v(0) = u(t) 2 v(t), o<t<t,, (7) 
where [0, t1 ) is the common interval of existence of u and v. It is said that 
T is monotone for self-adjoint solutions if (7) holds when u and v are 
assumed to be self-adjoint. 
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If a, 6, ci, and di are locally bounded functions R+ x L(X) with b = b* we 
shall show that the operator T defined by 
Tu = u’ - au + uu* + ubu + f (ciuc,? + udiudfk) 
i=l > 
is monotone for self-adjoint solutions. Note that the function f( t, p) corre- 
sponding to T satisfies f(t, p*) =f(t, p)*, as it should. 
The proof follows a standard pattern. With w  = u - v we have 
w(kJ 20, w’>F(t, w)=f(t, v+w)-f(t, v), 
where F is defined by the equation. By inspection, F(t, p) is a function of 
the type considered in Corollary 2 plus an added term 
itl CciPc* + Cudi) Ptvdi)*19 
The conclusion w  3 0 follows from Corollary 2 together with the remarks in 
Section 4. 
This discussion provides the details that were omitted from the analysis 
of Example 5 in [4] and, more important, it extends the result of that 
example to the case dim(X) = co. A similar extension applies to the 
operator 
Tu = u’ - (au + ua* + ubu + u*cu + udu* + u*bu*) 
in Example 4 of [4]. Namely, if the coefficients are locally bounded 
functions R+ + L(X) such that at least one of the relations 
b=c=d, b=c*=d, b=c=d*, bzc’=d* 
holds at each t E R +, the operator is monotone in the sense of Collatz. 
Here u and u need not be self-adjoint. 
7. CONCLUDING REMARKS 
Differentia.1 inequalities and equations are commonly considered in two 
senses, mod E and mod N. An equation involving u holds mod E if u is 
continuous and the equation holds except in an enumerable set. The equa- 
tion holds mod N if Ju[ is absolutely continuous and the equation holds 
except in a null set. The theorems of [S] are established mod E, and hence 
the results of this paper hold mod E too. When we have a local condition 
of Lipschitz type our results also hold mod N, as shown by a simple and 
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general argument in [4]. The latter reference also contains a discussion of 
conditions under which one can add a monotone function g(t, p) without 
upsetting the conclusion; the monotonicity is with respect to p and no 
smoothness is imposed on g. These results apply here. 
Differential equations and inequalities can involve set-valued functions in 
two principal ways. First, we may let u’(t) denote the set of all left- or 
right-derivatives, and write the equation in the form 
Second, we may let f(t, p) be a set-valued function and write 
u’(t) Ef(C u(t)). 
Both are included in 
u’(t) nf(t, u(t)) + rzr 
which is taken as the basic formulation in [S]. This formulation is 
applicable to the problems considered here. 
When extended as described above, the results of this paper embrace a 
considerable literature. Besides extending several results of Reid’s treatise 
[6] to allow dim(X) = cc we get a similar extension for Examples l-7 of 
[4], some of which were already mentioned in Section 6. Although most of 
[4] applies to arbitrary ordered Banach spaces, which include L(X) as a 
special case, Examples l-7 are based upon [3], which is valid in linite- 
dimensional spaces only. 
For the case dim(X) < 00 the principle of divisibility is an immediate 
consequence of results in [3] and it is stated explicitly though informally 
in [4]. We have not happened to come across any prior statement of this 
principle in the case dim(X) = co. 
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